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Introduction 
 

• Recent scientific evidence shows that mitigating 
greenhouse gases and controlling air pollutants 
are two closely related tasks. 
 

• Both greenhouse gases and conventional air 
pollutants cause transnational environmental 
damages. 

 
• Conventional wisdom suggests that a Pareto 

efficient climate change mechanism requires 
participation and cooperation of all countries 
emitting greenhouse gases. 

 
• However, Silva and Zhu (2011) show that there 

is a large set of efficient fully overlapped 
coalitional structures that produce national 
payoffs identical to those produced by the 
efficient Grand Coalition. 

 
• The task of the current paper is to go beyond the 

efficiency issue to investigate the stability of 
perfect equilibria for fully overlapped coalitional 
structures. 

 



• We also identify stable perfect equilibria for all 
other relevant coalitional structures. 

 
 
• We start by adapting the coalition-proof and 

perfectly coalition-proof equilibrium concepts of 
Bernheim, Peleg and Whinston (1987) – 
henceforth, we shall refer to this paper as BPW. 

 
 
• The adaptation allows for BPW’s equilibrium 

concepts to be readily applicable to situations 
involving overlapping coalitions. 

 
 
• The literature on the formation of IEAs can be 

divided into two branches according to whether 
countries are assumed to be myopic or 
farsighted. 

 
• The literature that assumes myopia can be further 

divided into two sub-branches according to the 
stability concept utilized; namely, papers that 
rely on -core stability and papers that rely on 
internal-external stability. 

 

γ



• Our approach differs from previous ones in that 
it is deeply founded in non-cooperative game 
theory, even though coalition proofness also 
involves farsightedness. 

 
• However, unlike in BPW, each player also 

foresees the effects of a first deviation on 
coalitions in which he is not a member provided 
that these other coalitions overlap with the 
coalition in which he is a member. 

 
• Our framework extends the literature on the 

effects of farsighted behavior for the formation 
of IEAs in that we consider overlapping 
coalitions.  

 
• Our framework also adds to the entire IEA 

literature in that we consider a setting with two 
types of correlated environmental externalities. 

 
 
 
 
 
 
 
 



Coalition-Proof and Perfectly 
Coalition-Proof Equilibrium Adapted 

 
• We consider a game with four	  players. 

 
• Our four-player game: 

  
Γ = ui{ }i=1

4
, Si{ }i=1

4⎡
⎣⎢

⎤
⎦⎥

, 

where  Si  is the strategy set for player  i   and 

  ui :Πk=1
4 Sk → R  is player  i’s payoff function. 

 
• Let  J  be the set of proper subsets of  1,2,3,4{ }. 

 
• A proper subset is denoted  Jch , where   c = 1,2,3 

is the cardinality of the set and   h = 1,2,3,4 . The 
subsets are: 

 
(i) singletons:   J11 = 1{ } ;   J12 = 2{ } ;   J13 = 3{ } ; 

  J14 = 4{ }. 
 

(ii) pairs:   J21 = 1,2{ };   J22 = 1,3{ } ;   J23 = 1,4{ } ; 

  J24 = 2,3{ };   J25 = 2,4{ };   J26 = 3,4{ }. 
 

(iii) triplets:   J31 = 1,2,3{ } ;   J32 = 1,2,4{ } ; 

  J33 = 2,3,4{ }. 



• Let  SJ =Πi∈J Si ; for the case of  1,2,3,4{ } we will 
simply write  S . 
 

• Let  −Jch  be the complement of  Jch  in  1,2,3,4{ }. 
 
• For each 

 
s− Jch

o ∈S− Jch
, let   Γ / s− Jch

o  be the game 

induced on subgroup  Jch  by the actions 
 
s− Jch

o for 

coalition  −Jch : 
  
Γ / s− Jch

o ≡ ui{ }i∈Jch

, Si{ }i∈Jch

⎡
⎣⎢

⎤
⎦⎥

, 

where   ui : SJch
→ R  is given by 

 

  
ui sJch
( ) = ui sJch

,s− Jch

o( )   ∀i ∈Jch and  sJch
∈SJch

. 

 
• Any player can be a member of multiple 

coalitions, but no player can simultaneously be a 
member of a singleton coalition and a member of 
a non-singleton coalition. 

 
•  If a player is a member of multiple non-

singleton coalitions, the coalitions, which 
include him as a member, overlap. 

 
 
 
 



• For   c ≥ 2   and  h ≠ ′h , we say that distinct (non-
singleton) coalitions are (pairwise) overlapped if 
any pair of coalitions contains at least one 
member in common. 
 

• Suppose, for example, that the following 
coalition structure is formed:   J21, J22 , J14( ) . 
Coalitions   J21  and   J22  are overlapped; player 1 
belongs to both coalitions. 

 
• In this structure there are two disjoint sets; 

namely,   J21, J22{ }  and   J14{ }. 
 
• We shall refer to sets such as   J21, J22{ }  – i.e., 

sets whose elements are overlapped coalitions – 
as groups (or sets) of overlapped coalitions. 

 
• The union of the elements (i.e., coalitions) of a 

set of overlapped coalitions generates a set 
whose elements are all players who are directly 
or indirectly connected in the set of overlapped 
coalitions. 

 
• We shall refer to this type of set as the 

(complete) interconnected membership list of the 
set of overlapped coalitions. 



 

• The following sets exhaust all possible 
interconnected membership lists produced by 
sets of overlapped coalitions: 

 
(i) three-member lists: 

 

  L31 = 1,2,3{ };   L32 = 1,2,4{ }; 

  L33 = 1,3,4{ };   L34 = 2,3,4{ }. 

(ii) four-member list:   L4 = 1,2,3,4{ } . 
 
 
• Unlike   L3h ,   J3h  are membership lists of players 

who are directly connected – i.e., for each  h ,   J3h  
is a coalition, but not the coalition produced by 
the union of members of an overlapped-coalition 
group. 
 
 

• For a given  h , let   L−3h  denote the complement of 

  L3h  in  1,2,3,4{ }.  
 
 
 
 



• For each   s− L3h

o ∈S− L3h
, let   Γ / s− L3h

o  be the game 
induced on the overlapped-coalition group that 
produced the interconnected membership list   L3h  
by the actions   s− L3h

o  for the (singleton) coalition 

  L3h ; i.e., 
  
Γ / s− L3h

o ≡ ui{ }i∈L3h

, Si{ }i∈L3h

⎡
⎣⎢

⎤
⎦⎥

, where 

  ui : SL3h
→ R  is given by 

 

  
ui sL3h
( ) = ui sL3h

,s− L3h

o( ) ,  ∀i ∈L3h  and   ∀sL3h
∈SL3h

. 

 
• The case   L4  is formally identical to the case 

 1,2,3,4{ }; hence, we simply write  S  in this case. 
 

• Definition. For any game Γ  with four players, 
(a)   s* ∈S  is self-enforcing if, for all   Jch ∈J ,   sJch

*  

is a CPN equilibrium in the game   Γ / s− Jch

*  and for 

all   L3h ,   sL3h

*  is a CPN equilibrium in the game 

  Γ / s− L3h

* . 

(b)   s* ∈S  is a CPN equilibrium if it is self-
enforcing and there does not exist another self-
enforcing strategy vector  s  such that 

  ui s( ) > ui s*( ) for all  i .  



• Since we consider perfect equilibria for 
multistage games in what follows, we must also 
extend BPW’s definitions for perfectly self-
enforcing strategies and perfectly coalition-proof 
Nash equilibrium in order to allow for the 
possibility that overlapping coalitions coexist. 
 

• Definition. For any game Γ  with four players 
and   t >1 stages, 

 
(a)   s* ∈S  is self-enforcing if, for all   Jch ∈J ,   sJch

*  

is a PCPN equilibrium in the game   Γ / s− Jch

* ,   sL3h

*  

is a PCPN equilibrium in the game   Γ / s− L3h

* , and 

if the restriction of   s*  to any proper subgame 
forms a PCPN equilibrium in that subgame. 
 
(b)   s* ∈S  is a PCPN equilibrium if it is self-
enforcing and there does not exist another 
perfectly self-enforcing strategy vector  s  such 
that   ui s( ) > ui s*( ) for all  i . 

 
 
 
 
 



 
International Environmental Agreements 

for Correlated Pollutants 
 
• Consider a world consisting of four	   identical 

nations and two regions, North America and 
Europe. Nations 1 and 2 are located in North 
America and nations 3 and 4 are located in 
Europe. 
 

• Representative consumer’s utility in nation  i : 
 

  ui = xi + v ei( )− ai
2 −σ g 2  . 

 
• Assumptions:   v ei( ) = bei − cei

2 ;   b >1;   c ≥ 2.3028. 
 

• For computational ease, we let   c = 3. 
 
• Acid rain ⇒ continental phenomenon 

 

  

⇒

a1 = e1 + e2( ) 2

a2 = e1 + e2( ) 2

a3 = e3 + e4( ) 2

a4 = e3 + e4( ) 2

⎧

⎨

⎪
⎪⎪

⎩

⎪
⎪
⎪

 



• Global quantity of greenhouse gas: 
  
g = ei

i=1

4

∑ . 

• The parameter  σ ∈ 0,1⎡⎣ ⎤⎦  is a sensitivity index, 
which measures how sensitive each nation is to 
the damage caused by climate change. 
 

• Given the quantities of the emissions generated, 
the parameter σ  also measures the relative 
magnitude of acid rain and climate change 
damages. 

 
• For example, in any symmetric equilibrium, 

 ai = ei ≡ e  and   g = 4e. Hence, the damage caused 
by acid rain to nation  i  is   ai

2 = e2 . The damage 
caused by climate change to nation  i  is 

  σ g 2 =σ16e2 .  
 
• Thus, if  σ = 1 16 , the damage caused by acid 

rain is equal to the damage caused by climate 
change to each nation. If  σ = 1 32 , the acid rain 
damage is twice as harmful as the climate change 
damage. 

 
• We can therefore also refer to σ  as the ‘damage-

relativity index’. 



• We show that the value of σ  is very important 
for the efficiency properties of PCPN equilibria; 
in particular, we show that PSN equilibria exist 
for a sufficiently low σ  value. 

 
 
• As in BPW, there is unlimited pre-play 

communication and the agreements are non-
binding. 

 
 
• In any non-singleton coalition, members agree 

on utilizing the Nash bargaining formula to split 
the coalition’s surplus. Transfers occur after 
energy policies are enacted. 

 
 
• In the first stage, each nation (non-cooperatively 

and simultaneously) decides how much energy it 
should consume. 

 
 
• If there are singleton coalitions only, the game 

ends in the first stage. 
 
 
 

• Our solution concept is PCPN equilibrium. 
 



Results 
 
• Proposition 1. The subgame-perfect equilibrium 

for the GC is Pareto efficient.  The subgame 
perfect equilibrium for the fully overlapped 
coalitional structure ({1,2},{2,3},{3,4}) is also 
Pareto efficient. Hence, these two subgame 
perfect equilibria are identical. 
 
 

• Proposition 2. The subgame perfect equilibrium 
for any fully overlapped coalitional structure is 
Pareto efficient. Hence, the subgame perfect 
equilibrium for any fully overlapped coalitional 
structure is identical to the subgame perfect 
equilibrium for the GC. 

 
 
• Proposition 3. If  σ = 0 , all PCPN equilibria are 

PSN equilibria. The set of PSN equilibria 
contains the subgame perfect equilibria for: (i) 
({1,2},{3,4}); (ii) the GC; and (iii) all fully 
overlapped coalitional structures. 

 
 
 



• Proposition 4. If  σ ∈ 0,0.0336877⎡⎣ ⎤⎦ ,  the 
subgame perfect equilibria for the GC and all 
fully overlapped coalitional structures are PSN 
equilibria. 

 
 
 
• Proposition 5. If  σ ∈ 0.0336877,0.55603598( ⎤⎦  , 

the subgame perfect equilibrium for the 
continental coalitional structure is the PCPN 
equilibrium. If  σ ∈ 0.55603598,0.8273166( ⎤⎦ ,  the 
subgame perfect equilibrium for coalitional 
structure 2 is the PCPN equilibrium. Finally, if 

 σ ∈ 0.8273166,1( ⎤⎦ , the Nash equilibrium for the 
singleton coalitional structure is coalition-proof. 

 
 
 
 
 
 
 
 
 
 
 



 
Coalition Operation Costs:  

Dominant Fully Overlapped Structures 
 
• Proposition 6. Suppose that the administrative 

cost paid by each member of a non-singleton 
coalition of size  m  ,   m∈ 2,3,4{ } , is  χm , where 

 χ > 0 . Then, for  σ ∈ 0,0.03125( ) and  χ ∈ 0,χ( ⎤⎦ , 

  χ = 0.000025832 b−1( )2
,  the subgame perfect 

equilibrium for ({1,2},{2,3},{3,4}) is a PSN 
equilibrium and represents a strict Pareto 
improvement with respect to the subgame perfect 
equilibrium for the GC. Therefore, the latter is 
not perfectly coalition-proof. 

 
 
• Proposition 7. Suppose that the administrative 

cost paid by each member of a non-singleton 
coalition of size  m  ,   m∈ 2,3,4{ } , is  χm , where 

 χ > 0 . Then, for  σ ∈ 0,0.03125( ) and  χ ∈ 0,χ( ⎤⎦ , 

  χ = 0.000025832 b−1( )2
, the subgame perfect 

equilibrium for any simple fully overlapped 
bilateral coalitional structure is a PSN 
equilibrium. 
 



• Propositions 6 and 7 are remarkable. When the 
administrative cost paid by each member of a 
non-singleton coalition is increasing on 
membership size, the set of PSN equilibria 
includes subgame perfect equilibria for simple 
fully overlapped bilateral coalitional structures 
only. 

 
 
• In addition, the subgame perfect equilibrium for 

the GC is not even a PCPN equilibrium! 
 
 
• Policy makers should consider the benefits of 

forming overlapped bilateral international 
environmental agreements since such benefits 
may exceed the benefits of forming a fully 
participatory global agreement to reduce 
emissions of greenhouse gases. 


